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Abstract: 16 
Ice-sheets flowing over soft sediments produce undulations in the bed, typically 17 
of metres in relief, of which drumlins are the most abundant and widely 18 
investigated.  Consensus regarding their mechanism of formation has yet to be 19 
achieved. In this paper we examine the spatial organisation of drumlins in order 20 
to provide an improved description of the phenomenon and to guide hypotheses 21 
of their formation. We review the literature highlighting contradictory findings 22 
regarding drumlin spatial organisation and then use this to motivate our study 23 
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based on a large sample (42,488) of drumlins from Canada, Britain and Norway. 24 
Are there typical arrangements in drumlin positioning and are they organised in a 25 
regular spatial manner (patterned) or are they distributed randomly? We 26 
recognise that drumlin fields are inherently patchy and therefore apply 27 
inhomogeneous spatial statistics in order to study their distribution. This shows 28 
that whilst drumlins are occasionally randomly placed, their main state is non- 29 
random. They exhibit a strong and statistically significant signal of regularity 30 
across lengths scales of 100 ± 1200 m. We conclude that patterning is a near 31 
ubiquitous property of drumlins. This finding of regularity demonstrates spatial 32 
self-organisation in the bedforming process with drumlins as an emergent 33 
manifestation of subglacial sediment mobility. Kilometre-scale interactions 34 
between drumlins must occur as they evolve, or interactions may arise as a 35 
consequence of growth or migration.  Hypotheses or models are required that 36 
can explain the regular spacing of drumlins. We highlight three suggestions for 37 
such self-organisation: instability in the coupling of ice flow - sediment flux - bed 38 
shape; local feedback between sediment mobility and relief; and coarsening by 39 
growth or migration. 40 
 41 
 42 
Key words: Drumlins, patterning, regularity, subglacial bedforms, self-43 
organisation. 44 
 45 
 46 
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Introduction 47 
Somewhat counter-intuitively, ice-sheets abhor flat beds when flowing over soft 48 
sedimentary substrates. They produce undulated surfaces, metres to a few tens 49 
of metres in relief and with length-scales of hundreds of metres to kilometres and 50 
that have been categorised into a number of easily recognised states with well-51 
known geomorphological labels; those oriented transverse to flow (ribbed or 52 
Rogen moraine; Dunlop and Clark, 2006, to mega-scale transverse ribs; 53 
Greenwood and Kleman, 2010) or parallel to flow and varying in length, from 54 
drumlins (Clark et al., 2009; Eyles et  al. 2016) to mega-scale glacial lineations 55 
(Clark, 1993; Spagnolo et al., 2014). They can be thought of as a family of 56 
landforms called subglacial bedforms  (Aario, 1977; Rose, 1987; Ely et al., 2016) 57 
with an implied genetically related formation process,  or each type (drumlin, 58 
ribbed moraine etc.) or sub-type (e.g. ribbed moraine; Rogen moraine; Blattnick 59 
moraine; minor ribbed moraine etc.  Hattestrand, 1997) can be regarded as  60 
fundamentally different landforms that were formed by different processes. 61 
These subglacial landforms are estimated to cover around half the area 62 
previously occupied by palaeo-ice sheets (Clark et al., 2009), with drumlins by far 63 
the most abundant type. Drumlins have recently been discovered beneath the 64 
Antarctic Ice Sheet (King et al. 2009) and emerging from an Icelandic ice cap 65 
(Johnson et al. 2010; Jónsson et al. 2014).  66 
 67 
Consensus regarding the formation of drumlins has yet to emerge in spite of two 68 
centuries of investigation (Hall, 1815). Rather, there are many hypotheses, ideas 69 
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and conceptual models, seeking to explain their internal sedimentary structure 70 
and the shape, size and pattern of the landforms (overviews by Menzies, 1979; 71 
Patterson and Hooke, 1995; Shaw, 2002; Clark, 2010; Stokes et al. 2011; Eyles 72 
et al. 2016). Progress has matured with some model-based development of the 73 
physics of ice-sediment-water interactions at the base of ice sheets (Hindmarsh, 74 
1998; Fowler, 2000; Iverson 2000; Hooke and Medford 2013), but these have yet 75 
to be developed to yield many predictions for testing, although see Dunlop et al. 76 
(2008) , Fowler et al.  (2013) and McCracken et al. (2016) for such model-data 77 
comparisons. As with many seemingly intractable scientific problems, 78 
researchers from various disciplines (geomorphologists, glaciologists, 79 
sedimentologists, and theoreticians) have approached the task from different 80 
angles, leading to useful observations, theory and insights and some 81 
disagreement regarding how these connect. The so-FDOOHG µGUXPOLQ SUREOHP¶82 
(Menzies and Rose, 1987) remains difficult, and we do not solve it here. Our 83 
approach in this paper is to make progress by investigating the spatial 84 
organisation of drumlin positioning within their flow-sets; are there typical 85 
arrangements and are drumlins organised in a regular spatial manner or are they 86 
distributed randomly? The former is indicative of an overall organisation within 87 
drumlin flow-sets, suggesting they are a patterned phenomenon, of which nature 88 
provides numerous examples (Ball, 1999). Conversely, the latter is consistent 89 
ZLWK D µsite-VSHFLILF¶ YLHZ ZKHUHE\ HDFK GUXPOLQ IRUPV LQ LVRODWLRQ IURP LWV90 
neighbours. Data and findings answering these questions should guide the 91 
development of theory or could be used to test numerical process-models that 92 
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are both starting to make quantitative predictions and to yield three dimensional 93 
model simulation movies of bedform organisation, evolution and migration 94 
(Chapwanya et al 2011; Barchyn et al. 2016). Do we need to explain the 95 
development of the individual bump (the drumlin) or the wavelength (spacing) 96 
and relief of the undulating surface; the drumlin field? Does the overall 97 
bumpiness arise in a single phase of development (triggered simultaneously, like 98 
measles) or arise from incremental additions of new bumps WKDW µNQRZ RI¶ WKH99 
existing ones? Rippled surfaces created on a beach in one tide would be an 100 
example of the former and Barchan dunes growing and migrating as individuals 101 
across a desert are the latter. Unlike these non-glacial examples, we have yet to 102 
observe a flat surface beneath an ice sheet grow into drumlins, thus allowing 103 
many questions to remain, and highlighting why investigating spatial properties of 104 
the final forms might be useful. We review the literature to highlight observations 105 
and analyses regarding drumlin spatial organisation and then use these to 106 
motivate our study based on a large sample of drumlins. 107 
 108 
Existing observations and analyses on spatial organisation 109 
The literature on drumlins abounds with comments on the relationship of a 110 
drumlin to its neighbours (see reviews by Menzies, 1979; Patterson and Hooke, 111 
1995; Clark 2010; Eyles et al 2016). An en echelon arrangement (Figure 1A) has 112 
often been mentioned (e.g. Armstrong and Tipper, 1948; Clapperton, 1989) 113 
although a survey of such findings (Patterson and Hooke, 1995) notes that it is 114 
not common and no field of drumlins has been found where such positioning 115 
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dominates.  Much more common is the observation of transverse banding of 116 
drumlins (Figure 1B) such that in the downstream direction there are alternating 117 
bands of high and low densities. Hill, (1973) for example quantified such 118 
variations for ca. 3900 drumlins in Ireland. Elsewhere, the size and shape of 119 
drumlins within each band have been reported to be similar (Shaw and Kvill, 120 
1984).  121 
 122 
The spacing between neighbouring drumlins is a useful measure that quantifies 123 
an aspect of their overall spatial organisation; a preference for a specific spacing 124 
implying regularity (Figure 1D). Typically, drumlins are usually found to be widely-125 
spaced with large gaps between them, but in places they have also been 126 
reported as tightly packed (i.e. centre-to-centre spacing controlled by drumlin 127 
size; Rose and Letzer, 1977) as depicted in Figure 1C. Reed et al. (1962) 128 
reported 204 measurements of drumlin-to-drumlin spacing in three drumlin fields 129 
in the USA, finding their spacing to be rather varied (and multimodal) but with 130 
some tendency towards periodicity (i.e. a single preferred spacing). With a larger 131 
sample size of drumlins (733) in Ireland, Vernon (1966) found no preferred 132 
spacing and that they varied throughout the fields investigated. Drumlin spacing 133 
in Poland (Baranowski, 1969) and Canada (Clark and Wilson, 1994) was again 134 
found to be varied, but in Ireland and with a larger sample size of 3900, Hill 135 
(1973) reported a preferred spacing of around 300 m. Consistent with the above 136 
papers, and according to the review by Menzies (1979), for drumlins sampled in 137 
the USA, Canada, Ireland and Poland the frequency distributions of spacing were 138 
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sometimes found unimodal and normally-distributed, or multimodal and with wide 139 
variations in average spacing leading to the conclusion of no overall preferred 140 
spacing for  drumlins. It is possible however, that if any actual preferred spacing 141 
of drumlins exists that some combination of varied mapping approaches, or non-142 
representative sample sizes might be masking the answer. Or perhaps, genuine 143 
differences in preferred spacing exist from place to place whose reasons 144 
(substrate geology or glaciological controls?) could be usefully sought. 145 
 146 
The arrangement of drumlins within flow-sets may provide clues for theories of 147 
drumlin formation; inferences of µSURFHVV IURP SDWWHUQ¶. Are they positioned 148 
randomly or as regular arrays or as a series of clusters (Figure 1D)? Random 149 
positioning appears to have been the most commonly presumed arrangement, in 150 
part promoted by the nearest neighbour statistical analyses of Smalley and 151 
Unwin (1968), and which may have steered theory development towards 152 
drumlins developing from (randomly distributed) sediment inhomogeneities (e.g. 153 
patches of stiff till or gravel) or from bedrock bumps. Francek (1991) using a 154 
much larger sample (>4000) than the 1968 investigation also reported drumlins 155 
to be distributed mostly randomly when analysed by statistical analyses. Contrary 156 
to these statistically-based findings, many have remarked on the apparent 157 
regularity expressed by drumlins (e.g. Werth, 1909 cited in Baranowski, 1969; 158 
Baranowski, 1977; Carl, 1978; Smalley and Warburton, 1994; Fowler, 2000; 159 
Clark, 2010) thereby arguing for some form of regularising process inherent in 160 
drumlin formation. Examples of drumlins that appear to exist with a repetitive, 161 
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systematic arrangement are not difficult to find (e.g. Figure 2) and from such 162 
observations many might simply infer that drumlins are positioned regularly. 163 
However, as Table 1 highlights published investigations involving statistical 164 
analyses of drumlin distribution shows that there is no consensus regarding 165 
whether drumlins are placed regularly, randomly, or clustered. Different areas 166 
and statistical techniques have produced all three results. 167 
 168 
Methods 169 
 170 
Data set 171 
In order to address the uncertainties in drumlin spatial organisation highlighted 172 
above we used a GIS database comprising 42,488 drumlins spread across 72 173 
different drumlin fields, three palaeo-ice sheets and countries, and across a wide 174 
diversity of geological substrates. Most of these (36,222) were mapped across 175 
Britain from a high resolution (5 m) digital elevation model (Hughes et al., 2010). 176 
Additional mapping was conducted from Landsat ETM+ imagery (15 m 177 
resolution) in Alta, Norway (1,483) and Ungava Bay, Canada (5,903). An 178 
advantage of this database over those used in previous studies is that it has a 179 
larger sample size, covers three palaeo ice sheets, and uses drumlins from 180 
highly geologically diverse locations such that drumlins in the sample cover a 181 
range of geological substrates and with widely varying drift thicknesses, although 182 
we do not analyse these here. See Greenwood and Clark (2010) for such an 183 
analysis in Ireland.  184 
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 185 
The dataset (Figure 3) was divided into flow-sets (i.e. fields interpreted as 186 
forming under single phases of ice flow) based upon their morphology, parallel 187 
conformity, spacing and orientation (Clark, 1999).  188 
 189 
Transverse banding 190 
We used our database to DGGUHVV +LOO¶V  TXHU\ DV to whether the 191 
transverse banding he reported for some Irish drumlins is a ubiquitous 192 
characteristic. A simple procedure manually linking (by drawing lines in the GIS) 193 
laterally adjacent drumlins was adopted. The rules being that an adjacent drumlin 194 
belongs to a transverse band if it is positioned laterally, is of similar size and 195 
orientation and is not further away than around four times the local drumlin width. 196 
This latter rule avoids linking drumlins that are too distant. A quantitative rule-197 
based GIS algorithm could no doubt be devised to accomplish this task with less 198 
potential for bias, but we judge our manual method appropriate to a 199 
reconnaissance level exploration of the extent to which transverse banding 200 
exists. Of arguably greater concern than any such bias is that randomly 201 
positioned objects will exhibit alignments by chance and we seek to know if there 202 
is any spatial organisation above this level. Figure 4 illustrates this issue by 203 
comparing a real drumlin field to a simulated one whereby ellipses of equivalent 204 
size and orientation have been randomly positioned across the same domain. 205 
 206 
Nearest neighbour distances 207 
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To assess any tendency for drumlins to exist at a preferred spacing (see Figure 208 
1D) nearest neighbour distances were calculated as Euclidean distance (within 209 
software ArcGIS) between the centroids defined for each drumlin. Centroids were 210 
calculated automatically in ArcGIS as the geometric centre of the drumlins, i.e. 211 
WKH DULWKPHWLF PHDQ SRVLWLRQ RI DOO WKH SRLQWV LQ WKH GUXPOLQ¶V SRO\JRQ VKDSH212 
Across-flow spacing of drumlins was also calculated using the mean ice-flow 213 
direction (from 10 neighbouring drumlins) and measuring the shortest orthogonal 214 
spacing between the centroids of adjacent drumlins. Measurements were used to 215 
derive frequency histograms of drumlin spacing. 216 
 217 
 218 
Spatial statistical methods for assessing regularity. 219 
In order to investigate the nature of spatial organisation in the distribution of 220 
drumlins (random, clustered, regular) statistical methods are required, but with 221 
spatial phenomena this is not trivial (Kulldorff, 2006). Tests for randomness, such 222 
as the Clark-Evans statistic used in the first published investigation of drumlin 223 
GLVWULEXWLRQ6PDOOH\DQG8QZLQDQGWKHPRUHDGYDQFHG5LSOH\¶V.DQG/224 
functions (Ripley, 1988), compare measured distances between drumlins to 225 
expectations of complete spatial randomness (CSR) producing a metric indicative 226 
of dispersion (regularity), randomness or clustering. The K-function (K(r)) is: 227 
ܭሺݎሻ ൌ  ߣିଵ  ? ሺ݁௜௝ ൏ ߨݎଶሻ௜ஷ௝ ݊  
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whereby Ȝ is the mean density of points, eij is the Euclidean distance between the 228 
ith and jth points in the dataset, r is the radius of the search area and n is the 229 
number of points within the dataset. With CSR, the expected value is: 230 
(1)    ܭሺݎሻ ൌ ߨݎଶ 231 
 232 
For data analysis the related L-function is more appropriate to use as it is more 233 
stable and is defined as: 234 
(2)    ܮሺݎሻ ൌ ඥܭሺݎሻ ߨ ? Ǥ 235 
 236 
These functions have been applied in numerous fields such as ecology and cell 237 
biology (Dixon, 2012). Unfortunately, these homogenous tests are sensitive to 238 
the area being tested, and do not consider changes in point density across a 239 
domain. This is an acute problem for drumlins because we have no a priori 240 
knowledge of the precise spatial domain. Should this be defined by a convenient 241 
box or by the limits of the furthest drumlins? For the latter there is rarely a clear 242 
edge, just a decrease in density. It is noteworthy that this issue of sensitivity to 243 
the chosen domain led to the later retraction (Unwin, 1997) of the original and 244 
widely assimilated conclusion of drumlins having a random distribution (Smalley 245 
and Unwin, 1968). 246 
 247 
A further problem for any analyses is that areas exist within drumlin fields where 248 
GUXPOLQV DUH DEVHQW HJ )LJXUH E 6KRXOG WKHVH JDSV EH UHJDUGHG DV µQR249 
REVHUYDWLRQV¶DQGWKXVEHLQFOXGHGRUDVµQRGDWD¶EHFDXVHGUXPOLQLVDWLRQFRXOG250 
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not occur here and so should not be part of the domain? Such absences often 251 
exist due to a lack of sediment cover, although preservation and visibility issues 252 
caused by lakes, bogs and urban areas also occur.  253 
 254 
:H XQGHUWRRN H[WHQVLYH H[SHULPHQWDWLRQ XVLQJ 5LSOH\¶V . .U DQG / /U255 
functions for analysing spatial point patterns. We used these functions (in R 256 
statistical software) to compare measured distances between drumlins to 257 
expectations of complete spatial randomness (CSR), producing a metric 258 
indicative of dispersion (regularity), randomness or clustering. To further this 259 
approach it is common to use simulation envelopes to compare the observed 260 
result to Monte-Carlo simulations of CSR derived from a Poisson (or other) 261 
process (Baddeley et al., 2014). Defining the bounding box is an important 262 
consideration, as it forms the spatial domain over which simulations of CSR are 263 
implemented and thus influences the null hypothesis to be tested. We used a 264 
Ripley-Rasson bounding box, which is a convex hull enlarged by a factor 265 
dependent upon the number of points within the study area (Ripley and Rasson, 266 
1977). Our analyses across the drumlin database led to confusing results, 267 
reported in Ely (2015). By varying the domain size over which the function is 268 
performed, we found it possible to yield different answers as to the spatial 269 
organisation of drumlins, with clustering as the most common conclusion (and 270 
see Maclachlan and Eyles 2013). Typically, with the domain encompassing the 271 
whole flow-set, the results tend towards clustering, but if a reduced domain is 272 
positioned over a prominent patch of higher density drumlins then regularity is 273 
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often revealed such as in Figure 5, but the sample size for such an assessment 274 
is low.  275 
 276 
It is this seemingly contradictory finding that led the realisation that drumlin fields 277 
are actually more appropriately characterised as patches of high density within a 278 
background of lower density and with many large gaps (Figure 6A). Such 279 
inhomogeneity turns out to be critical with regard to how the distributions are 280 
DQDO\VHG%\ZD\RIH[SODQDWLRQLI5LSOH\¶VIXQFWLRQVDUHSHUIRUPHGRQSRLQWVRQ281 
a regularly spaced grid (with obvious regularity) but with areas rubbed out (Fig 282 
6B) the dominant result will be clustered, even though we can clearly see that 283 
there is strong regularity within the clusters. We suspect that the widely varied 284 
results reported in the literature (see Table 1) is a consequence of drumlin fields 285 
typically being patchy and the methods used being overly sensitive to this 286 
patchiness.  This issue of inhomogeneity has been widely recognised in ecology, 287 
where variables such as soil availability and nutrition introduce inherent clustering 288 
of tree positioning (Perry et al., 2006)  that is independent of any biophysical 289 
spacing controls between individual trees.  If we are not to be misled, a technique 290 
is therefore required which accounts for the inherent patchiness within a drumlin 291 
flow-set; a method of spatial analysis for inhomogeneous point patterns rather 292 
than homogenous patterns is required. This is important because arbitrarily 293 
defining clusters can be problematic (Couteron et al., 2003) and if one 294 
experiments using the Ripley method within individual clusters (e.g. Fig. 5) then 295 
the sample sizes typically become too low to gain meaningful results.  296 
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Furthermore, Ripley L is a cumulative function, accounting for all previous 297 
measurements in subsequent iterations of the search radius. Thus, inferences at 298 
specific scales are difficult to make. Therefore, a different method is required for 299 
testing whether spatial positioning of drumlins is regular, random or clustered 300 
because they have inhomogeneous spatial distributions. 301 
 302 
Inhomogeneous Pairwise Correlation Function (g-inhom) 303 
5LSOH\¶V.-function and the L-function are cumulative in the sense that K(r) and 304 
L(r) count all points (drumlins) with distance at most r to a randomly selected 305 
point of the pattern. If one wants to infer at specific distances r, one should use 306 
the pair correlation g(r) function instead (e.g. Perry et al., 2006). It is derived from 307 
5LSOH\¶V.-function in the following manner: 308 
 309 ݃ሺݎሻ ൌ  ? ?ߨݎ ߜܭሺݎሻߜݎ  
 310 
The pair correlation function tells us how likely it is to encounter another point of 311 
WKH SDWWHUQ DW D GLVWDQFH U IURP D µW\SLFDO¶ SRLQW DV FRPSDUHG WR WKH312 
corresponding likelihood under complete spatial randomness. Thus, g(r) = 1 313 
means that, seen from a typical point of the pattern, the world at distance r looks 314 
completely random (i.e. like a Poisson point process), implying no interactions 315 
between points. If, however, g(r) < 1, then points at distance r are less likely to 316 
RFFXU WKDQ WKH\ ZRXOG XQGHU&65 WKLV LV WHUPHG µUHSXOVLRQ¶ EHWZHHQSRLQWV DW317 
distance r, or that points have been inhibited from occurring at this scale. 318 
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CRQYHUVHO\ JU !  PHDQV µDWWUDFWLRQ¶ EHWZHHQ SRLQWV DW GLVWDQFH U WKH\ DUH319 
more likely to occur than under CSR. Regular point patterns are characterized by 320 
repulsion at small r, followed by a peak of attraction at the typical neighbour 321 
distance, while clustered point patterns show attraction already for small values 322 
of r (Illian et al., 2008, p. 240). 323 
 324 
The original pair correlation function is as sensitive to patchiness and choice of 325 
domain boundaries as is the K-function. However we will see that this problem 326 
can be overcome by using the inhomogeneous pair correlation function, g-inhom 327 
(Baddeley et al., 2000; Figure 6d). The g-inhom function is thus appropriate for 328 
deciphering the spatial distribution of drumlins. In order to account for 329 
inhomogeneities in a dataset, the function takes into account the intensity 330 
(density) of the observed points. This is advantageous over arbitrarily defining 331 
smaller regions of perceived homogeneity and then performing a homogenous 332 
test (Couteron et al., 2003). Instead, g-inhom weights the point counts according 333 
to the local intensity of points within the observed pattern. It is equivalent to 334 
comparing the observed pattern with inhomogeneous CSR of same 335 
(inhomogeneous) intensity. 336 
 337 
In order to assess the spatial arrangement of drumlins over a long range, we 338 
computed g-inhom(r) for a range of r-values. We then simulated CSR through 339 
Monte Carlo simulations of a Poisson process producing the same number of 340 
observations and point density, to derive a significance envelope (Baddeley et 341 
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al., 2014). Deviation from this envelope indicates that the observed patterns are 342 
different from CSR. Recently, a technique for assigning significance to this 343 
deviation has been developed (Myllymäki et al., 2016), and is implemented here. 344 
 345 
The above approach was implemented in the open-source statistical software R. 346 
We employed a Ripley-Rasson bounding box (Ripley and Rasson, 1977) and the 347 
same edge corrections as used for the Ripley L tests performed above. The 348 
OLEUDULHV µVSDWVWDW¶ %DGGHOH\ HW DO  DQG µVSSWHVW¶ 0\OO\PlNL HW DO 6) 349 
were used to perform the tests and generate Monte-Carlo significance 350 
envelopes. A typical example output from the procedure and labelling is shown in 351 
Figure 7. 352 
 353 
To account for the clustering in inhomogeneous point patterns an estimation of 354 
the point intensity (density) is required. In spatstat, this is done by a kernel 355 
density estimator yielding a pixel image. The intensity value in a given pixel is 356 
obtained as the weighted number of points within a given search radius. This 357 
GLVWDQFHLVDOVRFDOOHGWKH³NHUQHOEDQGZLGWK´$VDSDUDPHWHURIWKHHVWLPDWLRQ358 
procedure, the search radius strongly influences the resulting intensity estimate 359 
2¶6XOOLYDQDQG8QZLQSDQGWKXVWKHHVWLPDWHRIJ-inhom. Therefore, 360 
sensitivity analysis was conducted upon this parameter in order to determine an 361 
appropriate value for analysis. Flow-set 29 in southern Scotland (Hughes, et al. 362 
2010; 2014) was chosen for sensitivity analysis due to the high number of 363 
drumlins (n = 1,473). Figure 8 reports the sensitivity of g-inhom(r) to 364 
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perturbations of the default value (as a %) of the search radius. A selection of 365 
results (80%, 40%, 30%, 5 %, Figure 8) are presented but were explored at 10 % 366 
increments between 100 and 10 % and then also at 5%.  For the default value 367 
(100%) the intensity of points across the flow-set is smooth increasing away from 368 
the edges of the flow-set due to edge corrections and appears similar to the 80% 369 
case shown in Figure 8. Small scale dispersion is apparent, followed by a strong 370 
peak in attraction and final decay to CSR in a manner similar to Figure 7. This is 371 
the typical signal across most values in the sensitivity analysis (100 ± 30%). With 372 
further reduction in the search radius (lower %) clusters within the data become 373 
apparent (column two of Fig 8). Reduction of the search radii below 30% of the 374 
default value increases the size of the CSR envelope at smaller values (< 500 375 
m). By 5% of the default value the peak no longer occurs above CSR, as the 376 
intensity estimate forces simulations of CSR to occur close to the drumlin pattern, 377 
almost mirroring it. However, at 5% the intensity map has identified almost as 378 
many clusters as there are drumlins such that often only a single drumlin or pair 379 
of drumlins is within a single intensity cluster and this is clearly below the length-380 
scale at which we are investigating spatial organisation.  For all other flow-sets, a 381 
similar pattern of an initial smoothing across the flow-set with an increasing 382 
clustering at 30% is apparent. Thus, 30% of the default bandwidth parameter was 383 
chosen for all flow-sets. 384 
 385 
Results 386 
Transverse banding 387 
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Banding is found to be widespread, with 48% of the drumlins analysed for 388 
banding (the British examples, n= 36,222) found to belong to a transverse band 389 
(Figure 9). This extends the findings of Hill (1973) showing that such banding is a 390 
common feature of the drumlins we have examined and shows that there is a 391 
strong element of spatial organisation in drumlin positioning.  The mean 392 
downstream spacing of bands (n=1,885) is 2026 m and the frequency distribution 393 
approximates that of a lognormal distribution with a mode of around 800 m. 394 
Although we do not demonstrate it here, our visual examination of drumlins 395 
elsewhere in the world (using Google Earth) suggests that transverse banding is 396 
commonplace. We note that our definition of what constitutes a band is 397 
subjective as was our visual method of defining them, so the results quantifying 398 
the spacing should be taken as indicative only, pending further investigation. 399 
Below we report quantitative and more robust investigations on spatial 400 
organisation.  401 
 402 
Nearest neighbour spacing 403 
The nearest neighbour spacing of drumlins (Figure 10; British drumlins) reveals a 404 
strongly preferred concentration - a uni-modal peak - around 200 to 450 m. This 405 
provides a strong hint that regularity exists, but is not proof because relative 406 
spatial positions are not analysed and the preferred spacing could be a 407 
consequence of drumlin dimensions.  A second analysis, designed to assess for 408 
the effect of drumlin size was performed; is the preferred spacing simply a 409 
consequence of drumlins being packed into a limited area (i.e. Fig 1c)? The 410 
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analogy here is how ball-size in a container full of balls controls their spacing (i.e. 411 
spatial inhibition). Nearest neighbour analysis conducted orthogonal to ice flow 412 
direction revealed drumlin spacing (centroid to centroid; mean of 386 m) to 413 
exceed drumlin width (mean of 226 m). This rules out drumlin dimensions being 414 
the primary control on spacing. Visual inspection of the arrangement of typical 415 
drumlin fields (e.g. Figure 2) leads to the same conclusion in that they are usually 416 
found to be widely-spaced rather than packed together and touching. 417 
 418 
Spatial statistical methods for assessing degree of regularity 419 
When applied to a typical flow-set the plot of g-inhom (r) exhibits a clear signal of 420 
attraction, well above that which occurs due to random fluctuations and with a 421 
prominent peak at 330 m (Figure 11). This demonstrates that there is a strong 422 
and statistically significant attraction of points within this nearest neighbour 423 
distance, between the length scales of 160 - 1250 m. This combination of short 424 
range repulsion followed by a strong peak in attraction is typical of regular 425 
patterns. Moreover, of the 42,488 drumlins analysed, 74% of the flow-sets, 426 
including those in Canada and Norway, displayed regularity as summarised in 427 
Fig 12, representing 93% of the drumlins. By accounting for inherent patchiness 428 
and gaps in drumlin fields, this is the first robust demonstration that regularity 429 
exists and that it is the predominant signal of drumlin spatial organisation. 430 
Furthermore, those drumlins that were found to be not regularly distributed 431 
tended to occur in flow-sets that contained small numbers of drumlins (n<300). 432 
The attraction peak of g-inhom (r) occurs at a mean value of ~ 600 m, with the 433 
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curve often continuing to 2000 m, indicating that drumlins prefer to be positioned 434 
a non-random distance apart across this length scale. Such regularity 435 
demonstrates drumlins to be a patterned phenomenon. 436 
 437 
 438 
Discussion 439 
The finding of widespread banding and a uni-modal peak in the nearest 440 
neighbour analyses suggest that drumlins are not randomly placed, but these 441 
simple approaches are not a robust demonstration of this. However, by correctly 442 
accounting for the patchiness and gaps in drumlin fields by using an appropriate 443 
statistical method for analysing such inhomogeneous phenomena we have 444 
robustly demonstrated that whilst drumlins can be randomly distributed (7% of 445 
drumlins analysed; 26% of flow-sets), their most common state (93% of drumlins 446 
analysed; 74% of flow-sets) is non-random. They exhibit a strong and statistically 447 
significant signal of regularity across lengths scales of 100 ± 1200 m indicating 448 
that inter-drumlin interactions occur over this scale range.  Regularity also occurs 449 
between 1200 to 10,000 m, but some of this might arise from regularity in the 450 
spacing of clusters in addition to longer range inter-drumlin interactions. In our 451 
database the finding of regularity holds across different ice sheets, countries, and 452 
across a variety of substrate geologies.  Because of this, and the size of the 453 
database, we suggest regularity to be a near ubiquitous property of drumlins. 454 
Given that it took ourselves and many others so long to realise that the gaps in 455 
drumlin fields (due for example to lack of sediment and bedrock outcropping) 456 
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needed accounting for we now wish we had paid more attention to the words of 457 
0HQ]LHVLQKLVUHYLHZSµ,t must be further noted that in most studies 458 
of drumlin spacing, little or no account is taken of other influencing structures 459 
such as roches moutonees or bedrock protrusions [i.e. gaps]. It is the writer's 460 
opinion that such influencing features are equally important in such morphometric 461 
studies.¶ 462 
 463 
Although the spatial statistical analysis used in this paper demonstrates strong 464 
regularity the method says nothing about the spatial structure of the inherent 465 
organisation (i.e. how the pattern is organised). This is because the analysis 466 
works by assessing the departure from randomness using circles - increasingly 467 
long radii - from each drumlin. So we know that regularity exists but not the form 468 
it takes. Connecting this finding with the observations made earlier (albeit less 469 
quantitative or secure) about the transverse banding, we interpret that these are 470 
likely a large influence on the measured regularity, but also that lateral spacing 471 
contributes. The idealised form of spatial organisation of drumlins can thus be 472 
depicted as in Figure 13. We interpret that it is the higher density zones (drumlin 473 
patches) that misled some of the earlier statistical analyses of drumlin fields into 474 
concluding that clustering is the dominant signal. Well yes, clustering exists in 475 
drumlin fields but likely arises from antecedent variations in sediment thickness 476 
rather than from the drumlin-forming process. Once this is accounted for the 477 
drumlin-to-drumlin positioning is mostly regular.  478 
 479 
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The regularity of drumlin positioning demonstrates that they are a patterned 480 
phenomenon; a pattern being defined as a discernible regularity in which 481 
elements are repeated at specific length-scales. This finding is important as it 482 
should guide the quest for understanding the processes of drumlin formation and 483 
for evaluation of existing hypotheses. ,WVD\V WKDWD µsite-VSHFLILF¶ landform view 484 
that considers each drumlin as a separate individual formed at a specific site and 485 
essentially independent of others, is not appropriate for most drumlin fields (but 486 
see later for rock-cored drumlins etc).  Arguably it might be better to consider the 487 
drumlin array or field as the primary phenomenon and to regard them as 488 
bedforms sensu stricto (cf. Menzies and Rose, 1987), characterised simply by 489 
amplitude, relief and orientation.  In this view the definition of drumlin boundaries, 490 
as in most studies including this are somewhat arbitrary and unnecessary.  491 
Ripples on a beach for example are not mapped and analysed individually but 492 
treated as a patch of patterned and bumpy bedforms with a length-scale, relief 493 
and orientation. Rather than speaking of drumlins perhaps it would be better to 494 
call the phenomenon drumlinised terrain. 495 
 496 
When patterns are found in Nature they are usually organised by a process (Ball, 497 
1999). Some of the most striking natural patterns are geomorphological (Werner, 498 
1999) or biological (Koch and Meinhardt 1994). Exemplars include dunes 499 
(Kocurek and Ewing, 2005), freeze-thaw patterned ground (Kessler and Werner, 500 
2003) river meander networks (Hallet, 1990), the fronds on a fern, and leaf 501 
positioning on a tree. It seems that all patterns in Nature must come into being by 502 
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interactions between elements as they evolve (grow or shrink). They are not 503 
µSULQWHG¶DVDSDWWHUQEXWHYROYHLQWRRQH(OHPHQWVRIWKHSDWWHUQVRPHKRZµNQRZ504 
RI¶ RWKHUHOHPHQWV WRFRQWURO WKHLU VSDFLQJVLPLODU WR  JHHVH LQ IOLJKWZKHUH the 505 
flock self-organises into an en echelon pattern by each individual keeping a set 506 
distance and angle from just one neighbour. We suggest that such self-507 
organisation is intrinsic to the drumlinising process with interactions occurring 508 
between bumps at a kilometre scale; they must interact with each other whilst 509 
evolving. The spatial organisation of drumlins can therefore be regarded as an 510 
emergent property of the processes at work. 511 
 512 
In Figure 14A we suggest that patterning of drumlins might arise from local self- 513 
organisation, analogous to how regularly-spaced cusps form on a beach (Werner 514 
and Fink, 1993). It is thought that a slight depression encourages flow 515 
acceleration of water and increased erosion to create embayments with 516 
deposition at the periphery and with regularity arising from such competition 517 
between adjacent embayments and the smoothing imparted at the scale of the 518 
beach.  The point being that there is a positive feedback between sediment 519 
mobility and relief. The drumlin model of differential erosion by regelation-520 
infiltration with variations mediated by effective pressure (Iverson, 2000) seems 521 
to be an example of this type.  522 
 523 
In other pattern-forming geomorphological systems, such as ripples and dunes, 524 
progress has been made with explanations rooted in non-linear dynamics and 525 
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complex systems (Kocurek et al., 2010; Murray et al., 2014). Spontaneous 526 
development of a pattern from a system of mobile material with coupling between 527 
the fluid flow, sediment flux, and the bed shape, is usually taken to arise from 528 
instability in the system that amplifies tiny disturbances. Infinitesimally small 529 
perturbations at the bed grow at a preferred wavelength (spacing) and instability 530 
analysis predicts the wavelength at which bumps should grow, generating 531 
repeated culminations with regularity at this preferred scale (Figure 14C). One 532 
possibility then is that the scale of regularity we have identified in our database is 533 
a consequence of the wavelength of preferred growth in an unstable system. 534 
Examples of drumlin models of this type include the Hindmarsh-Fowler instability 535 
in the coupled flow of ice and sediment (Hindmarsh, 1998; Fowler, 2000), a 536 
thermo-mechanical instability in a partially frozen till substrate (Hooke and 537 
Medford, 2013) or as intrinsically required in the mega-flood hypothesis (Shaw, 538 
2002). The latest version of the Hindmarsh-Fowler theory (Fowler and 539 
Chapwanya 2014) includes subglacial water flow within an upper layer of water-540 
saturated sediments (i.e. more realistic  than a thin water film across which stress 541 
cannot be transmitted) and this addition results in sediment erosion by water flow 542 
breaking up subglacial ribs to yield laterally-separated bumps resembling 543 
drumlins. Outputs from the numerical model estimate wavelengths consistent 544 
with measured drumlin dimensions (Clark et al. 2009) and the regularity that we 545 
report here. But there is some naivety in this view, in that it is not known if there 546 
is a mechanism that stabilises the bumps at this wavelength, rather than allowing 547 
them to develop further. There are reasons for expecting further evolution to 548 
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occur, and the prominent transverse banding found in drumlin fields might be an 549 
example of a coarsening process. From analysis of other geomorphological 550 
systems it is considered that finite-amplitude pattern formation could stabilise at 551 
the preferred wavelengths predicted by the instability analysis or, alternatively, as 552 
the bumps migrate they could collide and coalesce (Figure 14B) with such 553 
interactions (coarsening) resulting in regularity at an entirely different scale (cf.  554 
Kocurek et al., 2010; Murray et al., 2014). 555 
 556 
Field measurements of recently formed drumlins in Iceland (McCraken et al. 557 
2016) appear to be inconsistent with the Hindmarsh-Fowler instability theory 558 
(Fowler and Chapwanya 2014). If the identified instability mechanisms are not 559 
the underlying cause of drumlins it could be that individual drumlins initiate at 560 
randomly occurring locations, say triggered by stiff patches of sediment (although 561 
see Menzies et al., 2016; Hart 1997), and then grow in dimensions over time 562 
such that they eventually meet and interact with their neighbours. Or they might 563 
migrate and interact by collisions (Figure 14B). Regularity would then somehow 564 
emerge from these meso-scale interactions.  565 
 566 
Our demonstration that patterning exists across extensive areas known to have 567 
variations in sediment characteristics imply that such variations are of second-568 
order importance to the process of drumlin formation. The concept of equifinality 569 
generates a problem of terminology, in that whilst drumlin-arrays (local patches of 570 
self-organised drumlins) arise from interactions as they evolve, it is also true that 571 
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shapes resembling drumlins (call them drumlins if you like) PD\ IRUP DV µsite-572 
VSHFLILF ODQGIRUPV¶ VD\ E\ VHGLPHQW VPHDUHd around a bedrock protuberance. 573 
The latter do not falsify the finding of regularity, they just add some disorder 574 
(defects) to the pattern, and as proposed elsewhere (Clark, 2010) such elements 575 
(obstacle-drumlins and drumlin-clones) are likely to be different from the more 576 
ubiquitous emergent drumlins. We predict that emergent drumlins formed in thick 577 
drift (>15 m) exhibit stronger regularity than those in thin drift (<5 m) because in 578 
the latter case many of the forms will merely be obstacle-drumlins pinned to 579 
underlying bedrock protuberances, and which might be randomly distributed.  580 
 581 
Ribbed moraine and MSGLs have already been found to exhibit strongly 582 
preferred wavelengths (Dunlop and Clark, 2006; Spagnolo et al., 2014) 583 
suggesting that they are also patterned phenomena requiring an explanation of 584 
their regular spacing. This patterning similarity between ribbed moraine, MSGL 585 
and drumlins along with the finding that they vary in a continuum of shape and 586 
scale (Ely et al. 2016) adds credence to idea that they are genetically-related 587 
rather than separate manifestations formed by different processes.  588 
 589 
In addition to the question of how drumlins form, the question of why they form 590 
has rarely been addressed (Smalley et al., 2000).  In considering why subglacial 591 
basal shear stresses are typically found to occupy a narrow physical range, 592 
Lliboutry (1958) hinted at an answer to both questions.  He suggested that ice 593 
flow seeks to modify the bed roughness, smoothing out overly rough beds to 594 
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reduce friction, but when the bed is too smooth, drumlins are produced to provide 595 
resistance to flow. More work is required to explore interactions between 596 
roughness and flow. The ultimate goal is a combined understanding of how 597 
subglacial conditions yield a bumpy bed and the extent to which this roughness 598 
modulates ice flow velocity. That drumlins, along with MSGL and ribbed moraine, 599 
are found to occupy a set scale and pattern highlights the potential for using 600 
these predictable emergent scales of roughness to help inform the next-601 
JHQHUDWLRQRIµVOLGLQJODZV¶WRLPSURYHPRGHOOLQJRILFHVKHHWDQGLFHVWUHDPIORZ 602 
(Ritz et al. 2015). 603 
 604 
Conclusions 605 
Recognising that drumlin fields are patchy and contain gaps and choosing an 606 
appropriate statistical method for analysing such an inhomogeneous distribution 607 
we have shown that whilst drumlins are sometimes randomly placed, their main 608 
state is not random. They exhibit a strong and statistically significant signal of 609 
regularity across scales of 100 ± 1200 m and possibly also up to 10,000 m in 610 
range. Because this finding holds across different ice sheets and a variety of 611 
substrate geologies we conclude that regularity is a ubiquitous tendency within 612 
drumlin fields. This patterning demonstrates spatial self-organisation in the 613 
bedforming process with drumlins as a specific emergent manifestation of 614 
subglacial sediment mobility. Elements of the pattern must have some physical 615 
interplay with other elements to control their spacing and so kilometre-scale 616 
interactions between drumlins must occur as they evolve, or interactions may 617 
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arise as a consequence of growth or migration.  Hypotheses or models that can 618 
explain the spacing of drumlins are required. We highlight three suggestions for 619 
such self-organisation that are not mutually exclusive: instability in the coupling of 620 
flow - sediment flux - bed shape; local feedback between sediment mobility and 621 
relief; coarsening by growth or migration. Numerical modelling tracking bump 622 
evolution beyond the initial instability phase (Chapwanya et. al., 2011) to explore 623 
coarsening might prove to be fruitful,  and further  observations of bedforms 624 
evolving beneath ice sheets (e.g. King et al., 2009; 2016; Johnson et al., 2010) 625 
should lead to improved understanding. 626 
 627 
That drumlins are now known to be patterned landforms, along with MSGL and 628 
ribbed moraine, and that these have been found to vary in a continuum of shape 629 
and scale (Ely et al. 2016) suggests that a unifying theory might be appropriate to 630 
explain these subglacial bedforms. In such a view these named types are merely 631 
emergent variants of the same phenomenon, whose differences arise from some 632 
key parameter, such as ice velocity, cumulative basal sliding distance, sediment 633 
thickness or from histories of interaction as they grow or migrate. 634 
 635 
Acknowledgements 636 
This work was supported by NERC grant NE/D011175/1 led by CDC. JCE was 637 
generously supported by a PhD scholarship from Kathy and Chris Denison. 638 
Andrew Fowler and Richard Hindmarsh are thanked for numerous illuminating 639 
and otherwise conversations on the topic. David Unwin and Clive Anderson are 640 
29 
 
thanked for their pointers regarding spatial analysis and R software. We are 641 
grateful to referees for helping improve the paper. 642 
 643 
References 644 
Aario, R. 1977. Classification and terminology of morainic landforms in Finland. 645 
Boreas, 6(2), 87-100. 646 
Armstrong JE, Tipper HW. 1948. Glaciation in north-central British Columbia. 647 
American Journal of Science 246 : 283±310. DOI: 10.2475/ajs.246.5.283  648 
Baddeley A, Diggle PJ, Hardegen A, Lawrence T, Milne RK, Nair G. 2014. On tests 649 
of spatial pattern based on simulation envelopes. Ecological monographs 84 : 650 
477±489.  651 
Baddeley AJ, Møller J, Waagepetersen R. 2000. Non- and semi-parametric 652 
estimation of interaction in inhomogeneous point patterns. Statistica Neerlandica 653 
54 : 329±350. DOI: 10.1111/1467-9574.00144  654 
Baddeley AJ., Rubak E., Turner R. (2015). Spatial Point Patterns, Methodology and 655 
Application with R. CRC Press, Boca Raton, USA. 656 
Ball P. 1999. The Self-Made Tapestry: Pattern formation in Nature. Oxford. Oxford 657 
University Press. 658 
Baranowski S. 1969. Some remarks on the origin of drumlins. Geographia Polonica, 659 
17, 197-208. 660 
Baranowski S. 1977. Regularity of drumlin distribution and the origin of their 661 
formation. Studia Geologica Polonica 52 : 53±58. 662 
30 
 
Barchyn, T.E., Dowling, T.P.F., Stokes, C.R., Hugenholtz, C.H., 2016. Subglacial 663 
bed form morphology controlled by ice speed and sediment thickness. 664 
Geophysical Research Letters, 43: 2016GL069558. doi:10.1002/2016GL069558 665 
Boots BN, Burns RK. 1984. Analyzing the spatial distribution of drumlins: a two-666 
phase mosaic approach. Journal of Glaciology 30 : 302±307. 667 
Brooke Benjamin T. 1957. Wave formation in laminar flow down an inclined plane. 668 
Journal of Fluid Mechanics 2 : 554±573. DOI: 10.1017/S0022112057000373  669 
Carl JD. 1978. Ribbed moraine±drumlin transition belt, St. Lawrence Valley, New 670 
York. Geology  6 : 562±566. 671 
Chapwanya M, Clark CD, Fowler AC. 2011. Numerical computations of a theoretical 672 
model of ribbed moraine formation. Earth Surface Processes and Landforms 36 : 673 
1105±1112. DOI: 10.1002/esp.2138  674 
Clapperton CM. 1989. Asymmetrical drumlins in patagonia, chile. Sedimentary 675 
Geology  62 : 387±398.  676 
Clark CD. 1993. Mega-scale glacial lineations and cross-cutting ice-flow landforms. 677 
Earth Surface Processes and Landforms 18 : 1±29. DOI: 678 
10.1002/esp.3290180102  679 
Clark CD. 1999. Glaciodynamic context of subglacial bedform generation and 680 
preservation. Annals of Glaciology  28 : 23±32. DOI: 681 
10.3189/172756499781821832  682 
31 
 
Clark CD. 2010. Emergent drumlins and their clones: from till dilatancy to flow 683 
instabilities. Journal of Glaciology  56 : 1011±1025. DOI: 684 
10.3189/002214311796406068  685 
Clark CD, Wilson C. 1994. Spatial analysis of lineaments. Computers & 686 
Geosciences  20 : 1237±1258. DOI: 10.1016/0098-3004(94)90073-6  687 
Clark CD, Hughes ALC, Greenwood SL, Spagnolo M, Ng FSL. 2009. Size and 688 
shape characteristics of drumlins, derived from a large sample, and associated 689 
scaling laws. Quaternary Science Reviews 28 : 677±692. DOI: 690 
10.1016/j.quascirev.2008.08.035  691 
&RXWHURQ36HJKLHUL-&KDG°XI-$WHVWIRUVSDWLDOUHODWLRQVKLSVEHWZHHQ692 
neighbouring plants in plots of heterogeneous plant density. Journal of vegetation 693 
science: official organ of the International Association for Vegetation Science 14 : 694 
163±172. DOI: 10.1111/j.1654-1103.2003.tb02141.x  695 
'L[RQ305LSOH\¶V.IXQFWLRQ,QEncylopedia of Enviornmetrics, , El-696 
Shaarawi A H And (ed). Chichester, John Wiley & Sons, Ltd.; 1796±1803. 697 
Dunlop P, Clark CD, Hindmarsh RCA. 2008. Bed Ribbing Instability Explanation: 698 
Testing a numerical model of ribbed moraine formation arising from coupled flow 699 
of ice and subglacial sediment. Journal of Geophysical Research 113 : F03005. 700 
DOI: 10.1029/2007JF000954  701 
Dunlop P, Clark CD. 2006. The morphological characteristics of ribbed moraine. 702 
Quaternary Science Reviews 25 : 1668±1691. DOI: 703 
10.1016/j.quascirev.2006.01.002  704 
32 
 
Ely, J.C. 2015. Flow Signatures on the Bed and the Surface of Ice Sheets. 705 
Unpublished PhD thesis, University of Sheffield, pp 300. 706 
Ely JC, Clark CD, Spagnolo M, Stokes CR, Greenwood SL, Hughes ALC, Dunlop P, 707 
Hess D. 2016. Do subglacial bedforms comprise a size and shape continuum? 708 
Geomorphology 257 : 108±119. DOI: 10.1016/j.geomorph.2016.01.001  709 
Eyles N, Putkinen N, Sookhan S, Arbelaez-Moreno L. 2016.  Erosional origin of 710 
drumlins and megaridges. Sedimentary Geology DOI: 711 
10.1016/j.sedgeo.2016.01.006  712 
Fowler AC, Chapwanya M. 2014. An instability theory for the formation of ribbed 713 
moraine, drumlins and mega-scale glacial lineations. Proceedings of the Royal 714 
Society A 470 : 20140185. DOI: 10.1098/rspa.2014.0185  715 
Fowler AC, Spagnolo M, Clark CD, Stokes CR, Hughes ALC, Dunlop P. 2013. On 716 
the size and shape of drumlins. GEM - International Journal on Geomathematics 717 
4 : 155±165. DOI: 10.1007/s13137-013-0050-0  718 
Fowler AC. 2000. An instability mechanism for drumlin formation. Geological 719 
Society, London, Special Publications 176 : 307±319. DOI: 720 
10.1144/GSL.SP.2000.176.01.23  721 
Francek MA. 1991. A spatial perspective on the New York drumlin field. Physical 722 
Geography 12 : 1±18. DOI: 10.1080/02723646.1991.10642415  723 
Gao X, Narteau C, Rozier O, du Pont SC. 2015. Phase diagrams of dune shape 724 
and orientation depending on sand availability. Scientific Reports 5 : 14677. DOI: 725 
10.1038/srep14677  726 
33 
 
Greenwood SL, Clark CD. 2010. The sensitivity of subglacial bedform size and 727 
distribution to substrate lithological control. Sedimentary Geology 232 : 130±144. 728 
DOI: 10.1016/j.sedgeo.2010.01.009  729 
Greenwood SL, Kleman J. 2010. Glacial landforms of extreme size in the Keewatin 730 
sector of the Laurentide Ice Sheet. Quaternary science reviews 29 : 1894±1910. 731 
DOI: 10.1016/j.quascirev.2010.04.010  732 
+DOO-2QWKHUHYROXWLRQVRIWKH(DUWK¶VVXUIDFHTransactions of the Royal 733 
Society of Edinburgh 7 : 169±184. 734 
Hallet B. 1990. Spatial self-organization in geomorphology: from periodic bedforms 735 
and patterned ground to scale-invariant topography. Earth-Science Reviews 29 : 736 
57±75. DOI: 10.1016/0012-8252(90)90028-t  737 
Hart JK. 1997. The relationship between drumlins and other forms of subglacial 738 
glaciotectonic deformation. Quaternary Science Reviews 16 : 93±107. DOI: 739 
10.1016/s0277-3791(96)00023-6  740 
Hättestrand C. 1997 Ribbed moraines in Sweden ± distribution, pattern and 741 
palaeoglaciological implications. Sedimentary Geology 111: 41-56.  742 
Hill AR. 1973. The distribution of drumlins in County Down, Ireland. Annals of the 743 
Association of American Geographers. Association of American Geographers 63 744 
: 226±240.  745 
Hindmarsh, R. C. A. 1998. Drumlinization and drumlin-forming instabilities: viscous 746 
till mechanisms. Journal of Glaciology, 44(147), 293-314. 747 
34 
 
Hooke RL, Medford A. 2013. Are drumlins a product of a thermo-mechanical 748 
instability? Quaternary Research 79 : 458±464. DOI: 749 
10.1016/j.yqres.2012.12.002  750 
Hughes ALC, Clark CD, Jordan CJ. 2010. Subglacial bedforms of the last British Ice 751 
Sheet. Journal of Maps 6 : 543±563. DOI: 10.4113/jom.2010.1111  752 
Hughes ALC, Clark CD, Jordan CJ. 2014. Flow-pattern evolution of the last British 753 
Ice Sheet. Quaternary Science Reviews 89 ; 148-168. DOI: 754 
10.1016/j.quascirev.2014.02.002 755 
Illian J., Penttinen A., Stoyan H., Stoyan, D. 2008. Statistical Analysis and Modelling 756 
of Spatial Point Patterns. John Wiley & Sons Ltd., Chichester, UK. 757 
Iverson NR. 2000. Sediment entrainment by a soft-bedded glacier: a model based 758 
on regelation into the bed. Earth Surface Processes and Landforms 25 : 881±759 
893. DOI: 10.1002/1096-9837(200008)25:8<881::AID-ESP105>3.0.CO;2-Y  760 
Jauhiainen F. 1975. Morphometric analysis of drumlin fields in northern Central 761 
Europe. Boreas 4 : 219±230. DOI: 10.1111/j.1502-3885.1975.tb00691.x  762 
Johnson MD, Schomacker A, Benediktsson ÍÖ, Geiger AJ, Ferguson A, Ingólfsson 763 
Ó. 2010. Active drumlin field revealed at the margin of Múlajökull, Iceland: A 764 
surge-type glacier. Geology 38 : 943±946. DOI: 10.1130/G31371.1  765 
Jónsson SA, Schomacker A, Benediktsson ÍÖ, Ingólfsson Ó, Johnson MD. 2014. 766 
The drumlin field and the geomorphology of the Múlajökull surge-type glacier, 767 
central Iceland. Geomorphology 207 : 213±220. DOI: 768 
10.1016/j.geomorph.2013.11.007  769 
35 
 
Kessler MA, Werner BT. 2003. Self-organization of sorted patterned ground. 770 
Science 299 : 380±383. DOI: 10.1126/science.1077309  771 
King EC, Hindmarsh RCA, Stokes CR. 2009. Formation of mega-scale glacial 772 
lineations observed beneath a West Antarctic ice stream. Nature Geoscience 2 : 773 
585±588. DOI: 10.1038/ngeo581  774 
King, E.C., Pritchard, H.D., Smith, A.M., 2016. Subglacial landforms beneath 775 
Rutford Ice Stream, Antarctica: detailed bed topography from ice-penetrating 776 
radar. Earth System Science Data 8: 151- 158.  777 
Koch AJ, Meinhardt H. 1994. Biological pattern formation: from basic mechanisms 778 
to complex structures. Reviews of Modern Physics 66 : 1481±1507. DOI: 779 
10.1103/RevModPhys.66.1481  780 
Kocurek G, Ewing RC. 2005. Aeolian dune field self-organization--implications for 781 
the formation of simple versus complex dune-field patterns. Geomorphology 72 : 782 
94±105. [ 783 
Kocurek G, Ewing RC, Mohrig D. 2010. How do bedform patterns arise? New views 784 
on the role of bedform interactions within a set of boundary conditions. Earth 785 
Surface Processes and Landforms 35 : 51±63. DOI: 10.1002/esp.1913  786 
Kulldorff M. 2006. Tests of Spatial Randomness Adjusted for an Inhomogeneity: A 787 
General Framework. Journal of the American Statistical Association 101 : 1289±788 
1305.  789 
/OLERXWU\/&RQWULEXWLRQjODWKpRULHGXIURWWHPHQWGXJODFLHUVXUVRQOLW&5790 
+HEG6pDQFHV$FDG6FL. 247 : 318±320. 791 
36 
 
McCracken, R.G., Iverson, N.R., Benediktsson, Í.Ö., Schomacker, A., Zoet, L.K., 792 
Johnson, M.D., Hooyer, T.S., Ingólfsson, Ó., 2016. Origin of the active drumlin 793 
field at Múlajökull, Iceland: New insights from till shear and consolidation 794 
patterns. Quaternary Science Reviews 148: 243±260.  795 
Maclachlan JC, Eyles CH. 2013. Quantitative geomorphological analysis of drumlins 796 
in the Peterborough drumlin field, Ontario, Canada. Geografiska Annaler: Series 797 
A, Physical Geography 95 : 125±144.  798 
Menzies J. 1979. A review of the literature on the formation and location of 799 
drumlins. Earth-Science Reviews 14 : 315±359.  800 
Menzies J, Rose J. 1987. Drumlins-trends and perspectives. Episodes 10 : 29±31. 801 
Menzies J, Hess DP, Rice JM, Wagner KG, Ravier E. 2016. A case study in the 802 
New York Drumlin Field, an investigation using microsedimentology, resulting in 803 
the refinement of a theory of drumlin formation. Sedimentary Geology 338 : 84±804 
96. DOI: 10.1016/j.sedgeo.2016.01.017  805 
Murray AB, Goldstein EB, Coco G. 2014. The shape of patterns to come: from initial 806 
formation to long-term evolution. Earth Surface Processes and Landforms 39 : 807 
62±70.  808 
0\OO\PlNL00UNYLþND7*UDEDUQLN36HLMR++DKQ8*OREDOHQYHORSH809 
tests for spatial processes. Journal of the Royal Statistical Society, Series B. 810 
DOI: 10.1111/rssb.12172 811 
37 
 
O¶6XOOLYDQ'8QZLQ'-Geographic Information Analysis and Spatial Data. 812 
Geographic Information Analysis, Second Edition, John Wiley & Sons, Inc. , 813 
Hoboken, NJ, USA. 814 
Patterson CJ,  Hooke, RLeb. 1995. Physical environment of drumlin formation. 815 
Journal of Glaciology 41 : 30±38. 816 
Perry GLW, Miller BP, Enright NJ. 2006. A comparison of methods for the statistical 817 
analysis of spatial point patterns in plant ecology. Plant Ecology 187 : 59±82. 818 
DOI: 10.1007/s11258-006-9133-4  819 
Reed B, Galvin CJ, Miller JP. 1962. Some aspects of drumlin geometry. American 820 
journal of Science 260 : 200±210. DOI: 10.2475/ajs.260.3.200  821 
Ripley B. 1988. Statistical Inference for Spatial Processes. Cambridge University 822 
Press. 823 
Ripley, B D and Rasson, J P. 1977. Finding the edge of a Poisson forest. Journal of 824 
Applied Probability 14 : 483 ± 491. 825 
Ritz C, Edwards TL, Durand G, Payne AJ, Peyaud V, Hindmarsh RCA. 2015. 826 
Potential sea-level rise from Antarctic ice-sheet instability constrained by 827 
observations. Nature 528 : 115±118. DOI: 10.1038/nature16147  828 
Rose J, Letzer JM. 1977. Superimposed drumlins. Journal of Glaciology 18 : 471±829 
480.  830 
Rose, J. 1987. Drumlins as part of a glacier bedform continuum. In Menzies, J. and 831 
Rose, J. (eds), Drumlin Symposium. Rotterdam, Balkema, 103-116. 832 
38 
 
Shaw J, Kvill D. 1984. A glaciofluvial origin for drumlins of the Livingstone Lake 833 
area, Saskatchewan. Canadian Journal of Earth Sciences 21 : 1442±1459. DOI: 834 
10.1139/e84-150  835 
Shaw J. 2002. The meltwater hypothesis for subglacial bedforms. Quaternary 836 
International: 90: 5±22. DOI: 10.1016/S1040-6182(01)00089-1  837 
Smalley I, Warburton J. 1994. The shape of drumlins, their distribution in drumlin 838 
fields, and the nature of the sub-ice shaping forces. Sedimentary Geology  91 : 839 
241±252. DOI: 10.1016/0037-0738(94)90132-5  840 
Smalley IJ, Lu P, Jefferson IF. 2000. The golf ball model and the purpose of drumlin 841 
formation. Studia Quaternaria 17 : 29±33.  842 
Smalley IJ, Unwin DJ. 1968. The formation and shape of drumlins and their 843 
distribution and orientation in drumlin fields. Journal of Glaciology 7 : 377±390. 844 
Spagnolo M, Clark CD, Hughes ALC. 2012. Drumlin relief. Geomorphology 153±845 
154 : 179±191. DOI: 10.1016/j.geomorph.2012.02.023  846 
Spagnolo M, Clark CD, Ely JC, Stokes CR, Anderson JB, Andreassen K, Graham 847 
AGC, King EC. 2014. Size, shape and spatial arrangement of mega-scale glacial 848 
lineations from a large and diverse dataset. Earth Surface Processes and 849 
Landforms 39 : 1432±1448. DOI: 10.1002/esp.3532  850 
Stokes CR, Spagnolo M, Clark CD. 2011. The composition and internal structure of 851 
drumlins: complexity, commonality, and implications for a unifying theory of their 852 
formation. Earth-Science Reviews 107, 398-422.  853 
39 
 
Trenhaile AS. 1971. Drumlins: Their distribution, orientation and morphology. 854 
Canadian Geographer / Le Géographe canadien 15 : 113±126. DOI: 855 
10.1111/j.1541-0064.1971.tb00147.x  856 
Unwin D. 1997. GIS and spatial statistical analysis. Geographic Information 857 
Research: Bridging the Atlantic (M. Craglia and H. Couclelis, eds. ). London: 858 
Taylor & Francis : 399±411.  859 
Vernon, P. 1966. Drumlins and Pleistocene ice flow over the Ards Peninsula, 860 
Strangford Lough area, County Down, Ireland. Journal of Glaciology, 6 (45), 401-861 
409. 862 
Werner BT, Fink TM. 1993. Beach cusps as self-organized patterns. Science 260 : 863 
968±971. DOI: 10.1126/science.260.5110.968  864 
Werner BT. 1999. Complexity in natural landform patterns. Science 284 : 102±104.  865 
Werth E. (1909) Eine Drumlinlandschaft und Rirmenseen SE von Posen, 866 
Zitschr.d.d. Geol. Ges.,61. 867 
868 
40 
 
 869 
Citation Number of 
drumlins 
investigated 
Location Statistical method applied Concluded type 
of organisation 
Reed et al., 
1962 
204 across two 
fields 
USA Spacing measurements Preferred 
spacing 
Smalley and 
Unwin, 1968 
203 across four 
fields 
Ireland Clark and Evans (1954) 
nearest neighbour statistic 
Random 
Vernon, 
1966 
733 Ireland 
and 
England 
Nearest neighbour 
distances (NNd) Variable spacing 
Baranowski, 
1969 
1054 across two 
fields 
USA and 
Poland 
Nearest neighbour 
measurements and 
transvers profiles 
Regular spacing 
Trenhaile, 
1971 
~  7000 across 
several fields 
Canada Comparison to two random 
distribution models, and 
order-rank nearest 
neighbour analysis 
Between 
random and 
uniformly 
spaced 
Hill, 1973 ~3900 Ireland Nearest neighbour 
measurements, trend 
surface analysis and 
cumulative frequency 
distributions of NNd 
Non-randomly 
distributed, 
mostly 
clustered. 
Preferred 
spacing in NNd 
Jauhiainen, 
1975 
1137 across twelve 
fields 
Northern 
Europe 
Clark and Evans (1954) 
nearest neighbour statistic 
Clustered to 
random 
Boots and 
Burns, 1984 
102 across two 
fields 
Canada 
and 
England 
Two phase mosaic  
Random 
Francek, 
1991 
4054  USA Clark and Evans (1954) 
nearest neighbour statistic 
Mostly random, 
some tendency 
toward 
clustering 
Maclachlan 
and Eyles, 
2013 
~3000 Canada ZŝƉůĞǇ ?Ɛ<-function  
Clustered 
 870 
Table 1. Summary of investigations on the type of spatial organisation of 871 
drumlins and which highlights the variety of findings from random, 872 
clustered to regular.873 
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FIGURES 874 
 875 
Figure 1. Types of drumlin spatial organisation.  A) En echelon arrangement with 876 
the next lateral drumlin positioned slightly downstream (like  geese in flight, with 877 
each bird positioned to avoid turbulence from an upwind flock member). B) 878 
Transverse banding in drumlin densities. C) Packed versus widely-spaced 879 
distribution. D) Random, clustered or regularly spaced positioning within a flow-880 
set, the latter having a preferred spacing expressed as a single narrow peak in 881 
the frequency distribution. In spatial statistics an homogeneous distribution of 882 
features is taken to be that they are uniformly distributed across an area (i.e. no 883 
large gaps). As argued in the text and apparent here and in Fig 2. we show that 884 
drumlins are more appropriately considered as being inhomogeneously 885 
distributed in that they often occur in patches with large gaps between them.   886 
887 
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 888 
Figure 2.  Drumlins appearing as elongated bumps depicted here by digital 889 
elevation models. a) Drumlins in Ireland (Co. Leitrim) with a widely-spaced 890 
arrangement and with seemingly regular spacing and some en echelon 891 
positioning. Black line marks profile in (c). b) More tightly packed drumlins in 892 
England (Yorkshire Dales) and with elements of transverse banding evident in 893 
drumlin positioning, and with gaps in the drumlin field corresponding to higher 894 
elevations with thin or absent sediment cover. c) Elevation profile across drumlins 895 
of ca. 20 m relief, from profile (black line) in a. 896 
 897 
Figure 3. Location of drumlins used in the analyses. 100 flow-sets (representing 898 
different flow events) of the last British Ice Sheet, from Hughes et al. (2010; 899 
2014) and comprising 36,222 drumlins, plus additional flow-sets from Alta, 900 
Norway (n = 1,483) and Ungava Bay, Canada (n = 5,903), making a total of 901 
43,608. Flow-sets with a low number of drumlins (<30) were excluded from the 902 
analyses leaving a sample of 42,488 drumlins. 903 
43 
 
 904 
Figure 4. Comparison of transverse banding evident in a real drumlin field (a; 905 
Leitrim Ireland) with a simulated one (b) using ellipses of the same size  and 906 
orientation but positioned randomly. A few red lines are drawn in to illustrate 907 
banding, many more are visible. Note that in b) some transverse banding and en 908 
echelon positioning is evident - purely by chance - but is less prevalent and it is 909 
much rarer to find similarly-sized drumlins comprising a band. 910 
 911 
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 913 
 914 
 915 
)LJXUH'UXPOLQSDWFKLQHVVDQG5LSOH\¶V/DQDO\VLVD$FRPSOHWHIORZ-set of 916 
drumlins (black points) and a small visibly homogeneous patch of 4000 x 5000 m 917 
(blue rectangle) b) Output from the L-function for the complete data set (black) 918 
and the patch (blue). Red dashed line is the expectation under complete spatial 919 
randomness. The whole flow-set shows some small scale regularity (dispersion), 920 
probably determined by drumlin size that quickly crosses into clustering but the 921 
small patch looks regular over a wider scale range, up to around 300 m. 922 
 923 
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 924 
     925 
Figure 6. The problem of patchiness (density variations) in drumlin fields for 926 
analysis of spatial organisation.  The preference for drumlins to occur in patches 927 
of higher density amongst more sparsely distributed forms yields a clustering in 928 
the spatial arrangement, and with some gaps often arising from lack of 929 
sedimentary cover. a) Typical example from northern England (flowset 66 of 930 
Hughes et al., 2014) with large gaps and patches of varying density. In b) to 931 
illustrate a point we show several patches of graph paper (each with obvious 932 
UHJXODULW\5LSOH\¶V/IXQFWLRQDSSOLHGWRERWKWKHGUXPOLQVDDQGWKHJUDSK933 
paper (b) yield clustering as the signal (c), and yet for the graph paper (b) we 934 
know that regularity actually exists. The inhomogeneous pairwise correlation 935 
function however, takes account of the inherent clustering and shows (d) that for 936 
both the drumlins and the graph paper there is a strong preference (attraction) for 937 
points to be spaced a certain distance apart. Clustering has not masked the 938 
regularity that exists. 939 
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 940 
 941 
Figure 7. Output from inhomogeneous pair-correlation function on flow-set 69, 942 
near Kirkby Lonsdale, Cumbria, England. Note the peak in attraction at 943 
approximately r = 450 m and the initial repulsion of points before this scale. 944 
Smoothing of the observed function in R is automatically performed. In order to 945 
highlight regions of the graph, tests at limited spatial scales (e.g. up to 4000 m) 946 
were also performed, and smoothing of functions altered accordingly. Here, the 947 
envelope is produced from 499 simulations of inhomogeneous CSR, yielding a p 948 
value of 0.002. The red line indicates the assumed value under CSR. The grey 949 
envelope is derived from the Monte-Carlo simulations of CSR and the black line 950 
is the function of the observed points. 951 
 952 
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 953 
Figure 8. Sensitivity analysis of the function g-inhom(r) to different intensity 954 
search radii for flow-set 29. Envelopes of complete spatial randomness (grey) are 955 
significant to p = 0.002. 956 
 957 
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 958 
 959 
Figure 9. Of all British drumlins in our database 48% were found to belong to 960 
transverse bands suggesting that this style of spatial organisation is a common 961 
feature of drumlin flow-sets. Drumlins classified by our method as belonging to a 962 
band are depicted as black. 963 
 964 
 965 
Figure 10. The spacing of drumlins. Frequency distribution of nearest neighbour 966 
distances (avoiding double-counting) between drumlin summits in the UK 967 
database (n=36,222 ). The uni-modal peak centred on 325 m is interpreted as 968 
indicating a clearly defined preference for the spacing of drumlins, suggestive - 969 
but not proving -  the existence of patterned spatial organisation. 970 
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 971 
 972 
Figure 11.  The inhomogeneous pairwise correlation function (PCF) for flow-set 973 
fs29 in the Southern Uplands of Scotland comprising 1473 drumlins. The function 974 
g-inhom (r) is plotted against r, with increasing radii of analysis (in m) away from 975 
each drumlin. The black line plots the function for the drumlins which should be 976 
compared against the red line and grey envelope representing complete spatial 977 
randomness (CSR). The peak at 330 m and extending between 160 ± 1250 m 978 
indicates a statistically significant demonstration of regularity (i.e. above grey 979 
envelope) in drumlin positioning across WKLVOHQJWKVFDOHµDWWUDFWLRQ¶RISRLQWVWR980 
this distance has occurred, typified by a regular spatial arrangement.  Values 981 
plotting within the grey envelope are not significantly different from a random 982 
spatial arrangement. 983 
 984 
50 
 
 985 
Figure 12. Demonstration of regular patterning in drumlin arrangement. All 72 986 
flow-sets analysed (with n>30) displayed on a log-log plot illustrating that the 987 
main signal is of regular patterning. The majority of flow-sets (blue lines; 74% of 988 
total) are found to have a statistically significant demonstration of regularity, 989 
representing 93% of the drumlin sample (n=42,488). The green lines are for 990 
those flow-sets that did not exhibit regularity (26% of the sample), approximating 991 
either complete spatial randomness or clustering. The black line is for flow-set 992 
29, from Fig 11. In the middle panel, black dots record the position of the first 993 
prominent peak of each curve (main signal of regularity at this scale) and blue 994 
dots mark where the signals decline into CSR. These provide the scale ranges 995 
for our conclusions in the panel beneath. 996 
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 998 
Figure 13. Drumlins are not randomly distributed; rather they are a patterned 999 
phenomenon that we idealise in this cartoon. They mostly occur in patches of 1000 
higher density with internal regularity and banding amongst more sparsely 1001 
distributed drumlins and with numerous gaps evident in the overall drumlin field. 1002 
The gaps might be due to thin sediment cover (or bedrock exposed in places) or 1003 
inappropriate sediment properties. 1004 
1005 
52 
 
 1006 
 1007 
 1008 
Figure 14. Suggestions of self-organisation that might individually, or in some 1009 
combination, explain patterning of drumlinised terrain. In A, adjacent bumps 1010 
interact and from this emerges a field-scale pattern with characteristic spacing, 1011 
whereas as in B, a perhaps random distribution of bumps self-organise into a 1012 
pattern by collisions arising from migration and growth. In C, instability occurs 1013 
with the spacing controlled by the wavelength of the maximum growth rate. In this 1014 
case simple stabilisation occurs at this wavelength, but it could be that migration 1015 
and coarsening also occurs (i.e. as per B) after the initial perturbation. 1016 
 1017 
 1018 
